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CN ' Abstract 

/~N ' A graph is pseudo-outerplanar if each of its blocks has an embedding in the plane so that 

rj ' the vertices lie on a fixed circle and the edges lie inside the disk of this circle with each of them 

^ ' crossing at most one another. It is proved that every pseudo-outerplanar graph with maximum 

C^ ' degree A > 5 is totally (A -i- l)-choosable. 
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\o '■ 1 Introduction 

(N : 

\Q , In this paper, all graphs are finite, simple and undirected. By V{G), E(G), 6(G) and A(G), we 

tJ" . denote the vertex set, the edge set, the minimum degree and the maximum degree of a graph G, 

O ■ 

(T^ ■ respectively. By VE{G), we denote the set V(G) U E{G). For undefined concepts we refer the 

T! ■ reader to dD. 

A total coloring of a graph G is an assignment of colors to the vertices and edges of G such 
that every pair of adjacent/incident elements receive different colors. A k-total coloring of a graph 
G is a total coloring of G from a set of k colors. The minimum positive integer k for which G has 
a fc-total coloring, denoted by ^"(G), is the total chromatic number of G. 

Suppose that a set L{x) of colors, called a list of x, is assigned to each element x e VE{G). A 
total coloring ip is called a list total coloring of G for L, or an L-total coloring, if (f{x) e VE{G) for 
each element x e VE{G). If \L{x)\ = k for every x e VE{G), then an L-total coloring is called a list 
k-total coloring and we say that G is k-totally choosable. The minimum integer k for which G has 
a list fc-total coloring, denoted by x'/(G), is the list total chromatic number of G. It is obvious that 
;r;'(G)>y'(G)>A(G) + l. 
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In 1997, Borodin, Kostochka and Woodall [2] raised the following conjecture, which is known 
as list total conjecture (LTC). In the same paper, they gives an affirmative answer to LTC for planar 
graphs with maximum degree at least 12. 

Conjecture 1. For any graph G, x'i'(G) = x"{G). 

Recently, LTC was investigated by many authors including [I3l|4l[51[6l|7l[8l[l0l[lll[l4l. In 
particular, Wang and Lih [fTOl confirmed LTC for outerplanar graphs with maximum degree at 
least 4, and this result was generalized to series-parallel graphs by Zhou, Matsuo and Nishizeki 
[[T4ll in 2005. However, this "list total conjecture" is still very much open. 

In this paper, we investigate the list total colorings of pseudo-outerplanar graphs, another class 
of graphs (different from series-parallel graphs) between outerplanar graphs and planar graphs. A 
graph is pseudo-outerplanar if each of its blocks has an embedding in the plane so that the vertices 
lie on a fixed circle and the edges lie inside the disk of this circle with each of them crossing at 
most one another. For example, ^2,3 and Ki^ are both pseudo-outerplanar graphs. The concept of 
pseudo-outerplanar graph was first introduced by Zhang, Liu and Wu [fT2l in 2012. They proved 
that the class of outerplanar graphs is the intersection of the classes of pseudo-outerplanar graphs 
and series-parallel graphs. 

The purpose of this paper is to show that LTC holds for pseudo-outerplanar graphs with max- 
imum degree at least 5, and thus extending one result of [[T3l , where is proved that every pseudo- 
outerplanar graphs with maximum degree at least 5 is totally (A -I- l)-colorable. 

2 Structural properties of PO-graphs 

In what follows, we always assume that every pseudo-outerplanar graph H considered in this paper 
has been drawn on the plane so that its pseudo-outerplanarity is satisfied; and call such a drawing 
a pseudo-outerplanar diagram. Let // be a pseudo-outerplanar diagram and let G be a block of 
G. Denote by vi,V2, . . . , V|gi the vertices of G that lie in a clockwise sequence. Let 'y[v;,Vy] = 
{v/, V;+i, . . .,Vj} and 'V(Vi,Vj) = 'V[Vi,Vj]\{Vi,Vj}, where the subscripts are taken modular |5|. A 
vertex set 'y[v,-, Vj] is a non-edge if j = i -\- I and v,Vj ^ E(G), is a path if v^Vk+i & E(G) for all 
i < k < j, and is a subpath if j > ? -I- 1 and some edges in the form Vj-v^t+i for i < k < j are missing. 
An edge ViVj in G is a chord if 7 - / ^ 1 or 1 - |G|. By C[v;, v^], we denote the set of chords xy with 
x,y e 'V[vi, Vj]. We say that a chord VkVi is contained in a chord VtVj if i < k < I < j. 

Lemma 2. Let v, and Vj be vertices of a 2-connected pseudo-outerplanar diagram G. If there is 
no crossed chords in C[v;, Vj] and no edges between 'V{vi, Vj) and 'ViVj, v,), then 'V\yi, Vj\ is either 
non-edge or path. 

Proof. The proof is same to the one of Claim 1 in [|T2l . we refer the readers to [12, pp.2794]. n 



Lemma 3. dU Each outerplanar graph G with minimum degree at least 2 contains a 2-vertex that 
is adjacent to a 4' -vertex. 

Theorem 4. Each pseudo-outerplanar graph G with minimum degree at least 2 contains at least 
one of the following configurations: 

(a) a 2-vertex u adjacent to a 4~ -vertex v; 

(b) a path V1M1V2M2V3M3V4 so ?/ia? V1V2, V1V3, V2V3, V2V4, V3V4 e E{G), d{u\) = d(u2) = d{u^) = 2 and 
d(v2) = d(v3) = 5; 

(c) a cycle U1U2U3U4 so that d(u2) = diu^) = 2; 

(d) a cycle U1U2U3U4 so that U2U4 e E(G), d(u2) = diu^) = 3 and d(u3) < 4; 

(e) a cycle U1U2U3U4 so that U2U4 e E{G), d{u2) = d(u4) = 3 and U3 is adjacent to a 2-vertex v; 

(/) a cycle U1U2U3U4 so that U2U4 e E{G), d(u2) = d(u4) = 3 and M3 is adjacent to a 3-vertex v and 
a vertex x with vx e E{G); 

(g) a cycle U1U2U3U4 so that U1U3, U2U4 e E(G), d(u2) = d{u4) = 3 and U3 is adjacent to a vertex v 
with Miv e E{G). 

Proof. We first assume that G is a 2-connected pseudo-outerplanar diagram with v\ . . . v\g\ being 
the vertices of this diagram that lie in a clockwise sequence. If G contains no crossings, then G is 
outerplanar, which implies that G contains (a) by Lemma [3l If G contains a crossing, then we can 
choose one pair of crossed chords v,Vj and Vj,Vj such that 

(1) ViVj crosses VkVi in G; 

(2) V,-, Vyt, Vj and v/ lie in a clockwise sequence; 

(3) besides viVj and VkVi, there is no crossed chord in C[v,-, v/]. 

Suppose that this theorem is false. By a same proof of Theorem 4.2 in [12], here we can prove that 

I- j = j-k = k-i= 1 and v,Vi, VkVj, VjVi G E(G), (1) 

since G does not contain (a), (b) or (c). This pair of crossed chords ViVj and v^Vy satisfying ([B are 
called co-crossed chords. 

Since the configuration (d) is absent from G, min{J(v,), d{vi)} > 5. This implies that there is at 
least one chord v/v.^ so that s i^ i,k and at least one chord v^v, so that m i^ j, I. We now choose s and 
m so that there is no chord v/v, contained in v/v^ and no chord v,v„ contained in v,Vm. In the follow- 
ing, we call the graph induced by v,Vy, vuVu ViVu, v^Vy, VyV/, v/v., or by v,Vy, v^v;, ViVu, v^Vy, VyV/, V/V^ an 
inner cluster of G, denoted by IC{i, I, s) or IC{m, i, I), respectively. The width of the two inner 
clusters defined above is \'V\yi, v.v]| and \'y[Vm, v/]|, respectively. 

Claim 1. IfIC(i, I, s) is an inner clusters with the shortest width among all the inner clusters that 
contained in the graphs induced by "Vivi, v.,], then the chords viVs is crossed. 



Proof. Without loss of generality, assume that / = 1 and / = 4. If V/^v^ is a non-crossed chord, then 
there is no edges between 'V{v^, v,) and 'V(Vv, V4). If there is no chords contained in V4V„ then (a) 
or (e) would appear in G. If there are chords contained in V/^Vs, then we consider two cases. 

Case 1.1. Every chord contained in v^v^ is non-crossed. 

If every chord contained in V4V.V is non-crossed, then by Lemma|2l 'V[v4, vj is a path. We now 
claim that there exists a chord in 5 := C[v4, v^] \ {v^Vs) that contains at least one other chord. If 
this proposition does not hold, then we can choose one chord v,vy with 4 < / < j < 5 so that v,vy 
contains no other chords. If \j - i\ > 3, then we can find two adjacent 2-vertices in 'y[v;,Vy], a 
contradiction. If \j - i\ = 2, then d{Vi+\) = 2 and J(v,) > 5. This implies that besides v;Vj, there 
are at least two non-crossed chords that are incident with v,, therefore, we would find two chords 
in S so that one contains the other in G, a contradiction. Hence, we can choose a chord viVj in S 
so that ViVj contains at least one other chord, say v„v/„ and moreover, every chord contained in v,v^- 
contains no other chords. Without loss of generality, assume that b i^ j. If \b - a\ > 3, then we 
can find two adjacent 2-vertices in 'V[Va,Vb], a contradiction. If \b - a\ = 2, then d(Va+i) = 2 and 
d{vb) > 5. This implies that besides VaVb, there are at least two non-crossed chords that are incident 
with Vb, therefore, we would find two chords in [v,, v^] \ {v,vj} so that one contains the other, a 
contradiction to our assumption. 

Case 1.2. There is at least one pair of crossed chords that are contained in C[v4, vj. 

If there is at least one pair of crossed chord that are contained in V4V„ then we choose one pair 
of co-crossed chords VaVb and v^v^ with c-a = b-c = d-b= 1 and v^VcVcV/,, v/,Vc/ e E(G). 
Since the configuration (d) is absent from G, mm{d{Va), d{vd)} > 5. If a = 4, then it is easy to see 
that (f) occurs in G. If d = s, then there exists an inner cluster IC{x, a, d) with A < x < a and width 
Yy\yx, Vd\\ < s,di contradiction. Therefore, we assume that a i^ A- and d i^ s. Since /C(l, 4, s) is an 
inner cluster with the shortest width in G, there is no chord in the form VaV, with 4 < / < a or in 
the form VhVj with d < j < s. Since the configuration (d) is absent from G, min{J(Va), d{vd)} > 5. 
The above two facts imply that v^vj e E(G) and there are a chord v,Vrf with 4 < i < a and a chord 
VaVj with d < j < s. We call the graph induced by VaVb, VaVc, v^vj, v^Vc, v^v^.VcVj, VaV, and v^Vj a 
K^-cluster derived from VaVj, and v^Vrf, and by I'VLv,-, Vy]|, we denote the width of this ^4-cluster. 
Without loss of generality, we assume that the width of the above ^4-cluster is the shortest among 
all the A'4-clusters contained in the graph induced by 'y[v4,Vi]. If there is no crossed chords in 
C\yd,Vj\, then by Lemma [2l 'V\yd,Vj\ is either a non-edge or a path, because there is no edges 
between 'Vivd, vy) and 'V{Vj, Vd). Since d{vd) > 5, ^[vd, vy] cannot be a non-edge, thus it is a path. 
If there are no chords that are contained in 'y[Vrf,Vy], then either (a), (e) or (g) would occur in 
G. If there are chords contained in 'V[Vd,Vj], then by similar arguments as in Case 1.1, one can 
prove that there is no non-crossed chords contained in "Vlvd, Vj]. If there is at least one pair of co- 
crossed chords Va'Vb' and Vc>Vd' with a' < c' < b' < d' that are contained in ^[vd, vy], then a' 4^ d. 



because otherwise IC{a,d,b') would be an inner cluster shorter than /C(l,4, s), a contradiction. 
This implies, by similar arguments as above, that either there is an inner cluster IC{x, a' ,d') with 
d < X < a' and width |'y[Vv, Vd']| < s, or d' i^ j and there is an inner cluster IC{a',d',y) with 
d' < y < j and width |'V[Va/ , v^,] | < s, or d' 4^ j and there is a A'4-cluster derived from Va'Vf 
and Vc'Vd' with width no more than |'y[vd,Vy]| < |'V[v,, Vj]|. In either case, we would obtain a 
contradiction to our assumption. 

Hence, the chord V4V.V is crossed. || 

Claim 2. If IC{i, I, s) is an inner clusters with the shortest width among all the inner clusters that 
contained in the graphs induced by 'V\yi, vj, then the chords v/v^ cannot be crossed. 

Proof. Without loss of generality, assume that i = 1 and 1 = 4. Suppose, to the contrary, that v/v^ 
is crossed by one other chord VaVb with 4 < a < s. If there is at least one pair of crossed chords 
that are contained in C[v4, v^] or C[Va, v^], then by similar arguments as in Case 1 .2, one can obtain 
contradictions. Therefore, every chord contained in C[v4,Va] or C[Va,v.5] is non-crossed. Since 
there is no edges between 'V(v4, vj and 'V(Va, V4), or between 'V{Va, v,.) and 'V(Vs, v„), by Lemma 
[21 'V[v4, Va] or 'V[Va, vj is either non-edge or path. If 'V[v4, Vq] and "ViVa, v^] are non-edges, then 
d{Va) = 1, a contradiction. If 'y[v4,Va] and 'y[Vfl,Vi] are paths, then by similar arguments as in 
Case 1.1, (a) or (f) would appear in G. If 'V[v4,Va] is path and 'y[Va,v.v] is non-edge, then by 
similar arguments as in Case 1.1, (a) would appear in G unless a = 5, in which case (e) occurs in 
G. Hence, we assume that 'V[v4,Va] is non-edge and C[Va, vj is path in the following. By similar 
arguments as in Case 1.1, one can obtain contradictions if s-a > 2, so assume that s-a = 1, that is, 
a = 5 and s = 6. Since d{Va) = 2,b i^ 1, because otherwise we would find (e). In the following, the 
graph induced by V1V2, V2V3, V3V4, V1V3, V2V4.V4V6, V5V6 and V5V/, (or a graph isomorphic to this graph) 
is called a x-cluster, and the width of this x-clusteris |'V[vi, Vfa]|. Without loss of generality, we can 
assume the width of the above x-cluster is the shortest among all the x-clusters that are contained 
in the graph induced by 'y[vi, v^]. 

If there is no chords contained in v^Vb, then (a) appears in G, so we assume that there are chords 
contained in V(,Vb. If every chord contained in V(,Vb is non-crossed, then by Lemma|2l 'Vlv^, Vb] is 
either non-edge or path. If 'V[v6, v^] is a non-edge, then V5 and v^ are two adjacent 2-vertices, a 
contradiction, so we assume that 'V[V(„ Vb] is a path. In this case, we can can use similar arguments 
as in Case 1.1 to obtain contradictions. Therefore, we shall assume that there is at least one pair of 
crossed chords that are contained in C[v6, Vb]. 

We arbitrarily choose one pair of co-crossed chords v,vV/ and vt'Vi' with i' < k' < f < V that are 
contained in C[v6, v^]. Since both ve and Vb are adjacent to a 2- vertex V5, i' 4^ 6 and V 4 b, because 
otherwise we would find (e) in G. Due to the absence of (d), we have min{rf(v,'),^(v/')} ^ 5, 
which implies that there exists s' 4 i', k' and m' 4 f, I' so that V/'V^' and Vi'V^' are chords in G. 
If r < s' < b, then we can assume, without loss of generality, that IC(i', /', s') is an inner cluster 



with the shortest width among all the inner clusters contained in the graph induced by 'y[v,v, Vs']. 
If vi'Vs' is a non-crossed chord, then we use similar arguments as in the proof of Claim[T]to obtain 
contradictions. If v^v^' is a chord crossed by one other chord v^'V/y with I' < a' < s' , then by similar 
arguments as in the first part of this proof, one can deduce that s' -a' = a'-l' = \,vvVa' i E(G) and 
Va'Vs' e E(G). This implies that 6 < b' < i', because otherwise we would find a shorter x-cluster, a 
contradiction to our assumption. Since Va'Vb' has already crossed vi>Vs> in G, b' <m' < i' . Without 
loss of generality, assume that IC{m', i', I') is an inner cluster with the shortest width among all the 
inner clusters contained in the graph induced by 'V[v,„',vi>]. If v^Vm' is a non-crossed chord, then 
we use similar arguments as in the proof of Claim [Uto obtain contradictions. If v,'Vm' is crossed 
by one other chord v^'Vj' with m' < c' < i', then by similar arguments as in the first part of this 
proof, one can deduce that m' - c' = c' - i' = 1, Vc'V,v ^ E{G) and Vc'V,,/ 6 E{G). Since Va'Vb> 
has already crossed v/'V,' in G, b' < d' < m', which implies a shorter x-cluster that is contained in 
the graph induced by "VLvi, v^,], a contradiction to our assumption. Therefore, for any chord V/'V/ 
with s' i^ i', k', we have 6 < s' < i'. Similarly, we can prove, for any chord v,vv„,' with m' i^ f, /', 
that r < m' < b. Since min{d(vi'),d{vi')} > 5, vrVf e E{G), which implies a A'4-cluster derived 
from Vi'Vy and Vk'Vi>. Without loss of generality, assume that the width of this A'4-cluster is the 
shortest among all the ^4-clusters contained in the graph induced by 'y[v„j', v^'], then by similarly 
arguments as in the proof of Claim [1] we can obtain contradictions. || 

It is easy to see that the above two claims are conflicting. Hence, every 2-connected pseudo- 
outerplanar graphs contains one of the configurations among (a)-(g). We now assume that G has 
cut vertices and choose one of its end-blocks. Denote the chosen end-block by B and the vertices 
of this end-block that lie in a clockwise sequence by Vi, . . . , v\b\. Without loss of generality, assume 
that vi is the unique cut- vertex of B. 

First, assume that there are no crossings in the end-block B. Since 5 is a 2-connected outerpla- 
nar graph, B is hamiltonian, which implies that 'V\y\ , v\b\\ is a path. If there is at most one chord in 
B, then it is easy to see that G contains (a). If there are two chords v,vy and v^v, in B, then without 
loss of generality, we can assume that l<j<t<s<i, therefore, by similar arguments as in 
Subcase 1.1, one can prove that G contains (a). 

At last, assume that there is at least one pair of crossed chords viVj and VkVi in B. Without loss 
of generality, assume that 1 < / < A: < 7 < / < |5| and that v;Vy and VkVi are a pair of co-crossed 
chords (so they satisfy ([T]))- Since (d) is absent from G, min{JB(v,), (isCv/)} > 5. 

If there is a vertex v^ with Z < 5 < |5| or i' = 1 so that v/v^ is a non-crossed chord, then by the 
proof of Claim [U one can find one of the configurations (a)-(g) in the graph induced by 'y[v,, vj, 
and moreover, v\ is not the vertices with bounded degree in the configuration. If there is a vertex 
Vm with 1 < m < i so that v,v,„ is a non-crossed chord, then we can prove the theorem similarly. 
Therefore, we have 



Claim 3. There do not exist vertex v^ with I < s < \B\ or s = \ so that v/v^ is a non-crossed chord 
or vertex v^ with 1 < m < i so that V;V„, is a non-crossed chord. \\ 

Suppose that there is a vertex v^ with Z < i' < |5| or 5 = 1 so that viVs is a chord crossed by one 
other chord VaVb with I < a < s.lf the graph induced by VjVt, v^Vj, VjVi, ViVj, v^vu v/v.v, v,Va and VaVb 
is not a x-cluster, then by the proof of Claim |2l one can find one of the configurations (a)-(g) in 
the graph induced by 'V[v;, v J, and thus mG.li s <b <\B\oxb = 1 , then by the proof of Claim|2l 
one can also find one of the configurations (a)-(g) in the graph induced by 'V\yi, Vb\, and moreover, 
Vi is not the vertices with bounded degree in the configuration. Thus, we have a-l = s-a = l, 
viVa i E{G), VaVs G E{G) and 1 < b < i. If b = i, then it is easy to prove that dsivi) < 4, a 
contradiction. If Z? ^ /, then there is a chord v,„v, with b < m < i, since dsivi) > 5 and v^v/, is 
crossed by v/v,. By Claim [3l v,„v, is a crossed chord, and we assume that it is crossed by v„V; with 
m < n < i. Similarly as above, we shall also assume that i-n = n-m=l, v„v, i E{G) and 
VmVn e E{G). If b < t < m, then by similar arguments as in the proof of Claim |2] one can find 
one of the configurations (a)-(g) in the graph induced by 'y[v,, v/], and thus in G. If t = I, then 
dsivi) < 4, a contradiction. Therefore, we immediately deduce the following claim. 

Claim 4. There do not exist vertex v^ with I < s < \B\ or s = \ so that v/v^ is a crossed chord, and 
similarly, there do not exist v^ with 1 < m < i so that v„,V; is a crossed chord. \\ 

Since min{JB(v,), ^^(v/)} > 5, by Claims [3] and IH there exist v^ with I < s < i and v^ with 
/ < m < |5| so that v/Vy and v,Vm are two chords that cross each other. If there is at least one pair 
of crossed chords that are contained in C[v/, v„,], then by similar arguments as in Case 1.2, one 
can obtain contradictions. If every chord contained in C[vi, Vm] is non-crossed, then by Lemma |2l 
'V[v/, Vm] is either a path or a non-edge. However, if 'V[vi, v,,,] is a path with m - I > 2, then by 
similar arguments as in Case 1.1, one can find (a) or (e) in G; if 'V[v/, v„J is a path with m - I = 1 , 
then (g) occurs in G, since dsivi) > 5 implies v,v/ e E{Gy, and if "VLv/, v,„] is a non-edge, then 
dsivi) < 4, a contradiction. n 

3 List total coloring of PO-graphs 

In this section we present a sufficient condition for a pseudo-outerplanar graph to have a list total 
coloring and prove the following theorem. 

Theorem 5. Let G be a pseudo-outerplanar graph, and let Lbe a list ofG. If 

\L(x)\ >max{6,A(G) + l} 
for each x 6 VE(G), then G has an L-total coloring. 



Before proving Theorem |5l we introduce some necessary notations. Let L be a list of a graph 
G and let L' be a list of a graph G' c G with L'(jc) = L(x) for each element x e VE(G). Suppose 
that we have already obtained an L' -total coloring (p' of G', and that we are to extend (f' to an 
L-total coloring (p of G without altering the colors in G'. For each x G VE(G), let L^vix, (p') be the 
available list (the set of all colors in L{x) that are available) for x when (p' is extended to an L-total 
coloring ^ of G. 

Lemma 6. Suppose that G contains a path P = V1M1V2M2V3M3V4 so that V1V2, V1V3, V3V4 e E(G) 
and d{ui) = diuj) = d{u^) = 2. Let (p' be a partial L-total coloring ofG so that the uncolored 
elements under (p' are ui, U2, M3, V2, V3, V1V2, V2V3, V3V4 and the edges of the path P, where L is a list 
assignment of G. If 

min{|Lav(MiVi, ^')l, \LavimV4,, (p')\, \Lav{VlV2, ^')l, |Lav(V3V4, ip')\} > 2, 

mm{\LaAv2,<p')\,\Lav{v?„ip')\] > 3, 

l^m,(V2V3,V')l>4, 

and 

min{|L,„(MiV2, (p')\, \Laviu2V2, ip')\, \Lav{u2V?„ ip')\, |Lav(M3V3, (p')\} > 5, 

then (p' can be extended to an L-total coloring tpofG without altering the colors in G'. 

Proof. Without loss of generality, we assume that \Lav(uiVi,(p')\ = \Lav(u3V4, tp')\ = \Lav(viV2,(p')\ = 

\Lav(y3V4,(p')\ = 2,\LaviV2,(p')\ = \Lav(y3, (p')\ = 3, |L„,,(V2V3, l/j')l = 4, md\Lav(UiV2,(p')\ = \Lav(U2V2,(p')\ 

\Lavii^2V3,(p')\ = \Laviu3V3,(p')\ = 5. (othcrwisc we can shorten some lists that assigned to the ele- 
ments of VE(G) so that those conditions are satisfied). We extend cp' to an L-total coloring ^ of G 
by two stages. 

Stage 1. Color M3V3,M3V4, V3V4 and V3 so that the resulted partial coloring tp^ satisfies one of the 
following conditions: 

{\)\LaAV2V3,ip')\>% 

(2) \Lav{V2V3,^^)\ = 2 andLav{V2V3,<P^) ^ Lav{V2,^^) if\Lav{V2,<P^)\ = 2, 

(3) \Lav{V2V3,ip^)\ = 2 andLav{VlV2,ip^) ^ Lav{V2,^^) if\Lav{V2,ip^)\ = 2. 

We now prove that the coloring tp^ constructed in stage 1 exists. Assume that La„(v3V4,^') = 
{1, 2}. We now color V3 with a color, say 3, from Lav{v3,(p') \ {1, 2}. 
Case L 2 e Laviu^v^, ip') (the case when 1 e Laviu^v^, ip') is similar). 

Color V3V4 and M3V4 with 1 and 2, and then discuss two subcases. 
Case LL {1,2,3} c Laviu^v^^ip') 

Assume that LaAu^v^, ip') = {1,2, 3, 4, 5}. Denote the current partial coloring by 0o- 



If 4 ^ Lav{v2V'i,(p') \ {1,3}, then color M3V3 with 4, and we have {1,3} c Lav{v2V^,ip'), otherwise 
00 satisfies (1) and we let ^^ := 0o- Let Lav(v2V3,^') = {\,3,ni,n2}, where {1,3} n {ni,n2} = 0. If 
Lav(v2,<p') "^ {3,ni,n2}, then 0o satisfies (2) and we let (p^ := 0o, so we assume that Lav(v2,(p') = 
{3, «!, ^2}- Now we erase the color on M3V3 and recolor V3V4 and M3V4 with 2 and a color 0i(m3V4) e 
Lav(M3V4, 1^') \ {2}, respectively. If 0i(m3V4) ^ 4, then color M3V3 with 4. Since the current coloring 
(pi satisfies (1) or (2), we let (p^ := (pi. If 0i(m3V4) = 4, then Lav{uT,V4,ip') = {2,4}, and color M3V3 
with 5. If {^1,^2} i^ {2,5}, then the current coloring (pi satisfies (1) or (2), so let ip^ := (pi. If 
[ni,n2} = {2,5}, then recolor M3V3 with 3. If 1 ^ L^v(v3,^') \ {2,3}, then L^^Cvs,^') = {2,3,5}, 
otherwise we can recolor V3 with a color from Lavivj,, (p') \ {2, 3}, and the resulted partial coloring 
satisfies (2). In this case, we recolor V3V4, M3V4 and M3V3 with 1,2 and 4. If the current coloring does 
not satisfy (3), then Lav{viV2, (p') = {2, 5}, thus we can construct a partial coloring satisfying (3) by 
recolor V3 with 5. Therefore, we assume that 1 e Lavivj, tp') \ {2, 3}. If 5 ^ Laviv^, ip') \ {2, 3}, then 
^av{v-i, (p') = {1,2, 3}, Otherwise we can recolor V3 with a color from Lavivi,,(p') \ {1, 2, 3}, and the 
resulted partial coloring satisfies (2). In this case, we also recolor V3V4, M3V4 and M3V3 with 1,2 and 
4, and color V3 with 2. If the current coloring does not satisfies (3), then recolor V3 with 3 and one 
can check that the new coloring satisfies (3). Therefore, 5 e Lav{v3, (p') \ {2, 3}, which implies that 
Lav{v3, (p') = {1,3, 5}. In this case, we recolor V3V4, M3V4 and M3V3 with 1,2 and 4, and color V3 with 
3. If the current coloring does not satisfies (3), then recolor V3 with 5 and the new coloring satisfies 
(3). 

If 5 ^ Lav(v2Vi,, (p') \ {1, 3}, then we can do the similar arguments as above by symmetry, so we 
assume that {4, 5} Q Lav(v2V3,(p'). Assume that Lav(v2V3,^') = {4, 5,ni,n2}, where {ni,n2}n{4, 5} = 
0. If {«!, ^2} ^ {1, 3}, then color M3V3 with 4. If 5 ^ Lav{v2, (p'), then it is easy to see that the current 
partial coloring satisfies (1) or (2). If 5 e Lav{v2,(p'), then recolor M3V3 with 5 and the resulted 
partial coloring also satisfies (1) or (2). Therefore, we assume that Lav{v2VT,, (p') = {1,3, 4, 5}. Now 
we recolor V3V4 and M3V4 with 2 and a color 02(^3^4) 6 LaviusV^, cp') \ {2}, then color M3V3 with a 
color 02(^3^3) e {4, 5} \ {(p2(u3V4)}. Without loss of generality, assume that 02(^3^3) = 4. We now 
have Lav(v2, <p') = {1,3, 5}, otherwise (p2 satisfies (2) and let (p^ := 02- If 02(^3^4) ^ 5, then recolor 
M3V3 with 5 and the resulted coloring satisfies (2). If 02(^3^4) = 5, then recolor M3V3 with 1 and the 
resulted coloring also satisfies (2). 
Case 1.2 . {1,2,3} ^ Laviu^v^,ip') 

Since \Lav{ui,Vj„(p')\ = 5, we can assume that {4,5,6} Q Lav{ui,Vj„(p'). If {4,5} c Lav{v2V^,(p'), 
then Lav(v2V3, <p') = {1,3, 4, 5}, otherwise we color M3V3 with 6 and get a partial coloring satisfying 
(1). We now color M3V3 with 6, and deduce that Lav{v2, ^') = {3, 4, 5}, otherwise the current partial 
coloring satisfies (2). In this case, we recolor V3V4, M3V4 and M3V3 with 2, (pj,{uj,V4) e Lav{uT,V4, (p')\{2} 
and (p^iu^v^) e {4, 5, 6} \ {03(m3V4)}. It is easy to check that the partial coloring ^3 satisfies (2), so 
we let (p' := (ps. By symmetry, one can prove the same result if {4, 6} c Lav(v2V3,(p') or {5, 6} c 



Lav(v2V3,(p'). Therefore, we assume, without loss of generality, that 5,6 ^ Lav(v2V3,(p'). We now 
color M3V3 with 5, and deduce that {1,3} c Lav{v2V3,(p'), otherwise the current partial coloring 
satisfies (1). Assume that Lav(v2V3,(p') = {\,3,ni,n2}, where {n\,n2} n {1,3} = 0. We then have 
^av(v2, ^') = {3, ni,n2}, because otherwise the current coloring satisfies (2). In this case, we recolor 
V3V4, U3V4 and M3V3 with 2, 04(m3V4) e Lav{u3V4, (f') \ {2} and ^4(m3V3) e {5, 6} \ {04(m3V4)}. One can 
check that the resulted partial coloring 04 satisfies (2), thus we let (p' := ^4. 
Case 2 . 3 e Lav(u3V4, (p') 

We first color a3V4 with 3. Assume that {4, 5} c Lav{u3V3,(p'). 

If {4,5} c Lav(v2V3,cp'), then 1 e Lav(v2V3,(p'). Otherwise, we color V3V4 and M3V3 with 1 and 
4. If the current coloring does not satisfy (2), then recolor M3V3 with 5 and get a partial coloring 
satisfying (2). Similarly, 3 e Lav(v2V3, if'), that is, Lav{v2V3, ip') = {1,3, 4, 5}. In this case, we color 
V3V4 and M3V3 with 2 and 4. If the current does not satisfy (2), then recolor M3V3 with 5 and the 
resulted coloring satisfies (2). If {4, 5} ^ l^av^i^-i^ ^O^ then we assume, without loss of generality, 
that 4 ^ Lav(v2V3,^')- We now color M3V3 and V3V4 with 4 and 1. If {1,3} ^ Lav(v2V3,^'), then it 
is easy to see that the current partial coloring satisfies (1). If Lav(v2V3,^') = {l,3,ni,n2}, where 
{ni,n2} n {1, 3} = 0, then Lav(v2, (f') = {3, ni, ^2}, otherwise the current partial coloring satisfies (2). 
In this case, we can also get a partial coloring satisfying (2) by recoloring V3V4 with 2. 
Case 3 . Lav(u3V4, (f') n {1,2, 3} = 0. 

Without loss of generality, assume that Lav{u3V4, cp') = {4,5}. We claim that 1 e Lav{v2V3,(p'). 
Otherwise, color V3V4,U3V4 and M3V3 with 1,4 and 05(m3V3) g Lav{u3V3,(p') \ {1,3,4}. If the cur- 
rent coloring 05 does not satisfy (2), then recolor M3V3 with a color ^eC^sVs) e Lav{u3V3,(p') \ 
{1, 3, 4, (f>s{u3V3)}. It is easy to see that 06 must satisfy (2), thus we let (p' := 06. Similarly, 2, 3 e 
Lav(v2V3, (f'). Assume that Lav(v2V3, if') = {1,2, 3, ni}, where ni ^ {1,2, 3}. We now color V3V4, M3V4 
and M3V3 with 1,4 and a color 07(m3V3) e Lav(u3V3, ^') \ {1, 2, 3, 4}. If ni i^ 07(^3 V3), then we recolor 
V3V4 with 2 if 07 does not satisfy (2), and the resulted coloring satisfies (2), so n^ = 07(^3 V3). If 
Laviu3V3, if') 4^ {1,2, 3, 4, ni}, then recolor M3V3 with a color from Lav{u3V3, ^') \ {1, 2, 3, 4, ny\ and 
the resulted coloring can be dealt with as above, so Lav(u3V3,(p') = {1, 2, 3, 4, ni} and ni i^ 4. In this 
case, we color V3V4, M3V4 and M3V3 with 1,5 and 4. If the current partial coloring does not satisfy 
(2), then we can construct another partial coloring that satisfies (2) by recoloring V3V4 with 2. 

Stage 2. Extend (f^ to an L-total coloring ip ofG without altering the assigned colors. 

Note that ^' satisfies \Lav{UiVi,(p^)\ = \Lav(VlV2,(p^)\ = 2, \Lav(UiV2,(p^)\ = \Lav(U2V2, (p^)\ = 

5 by the choice of (p', and \Lav(u2V2,(p^)\,\Lav(v2V3,(p^)\,\Lav(v2,<P^)\ > 2, and moreover, either 
Lav(v2V3,(p^) + Lav{v2,(p^) or L«v(viV2, ^^) ^ L«v(v2,^^) if \Lav{v2,^^)\ = 2, by the choice of ^^ 
in Stage 1. 

Without loss of generality, we assume that \Lav{u2V2,ip^)\ = l^av(v2V3,^')| = \Lav{v2,p^)\ = 2 
and Lav{v2V3, ip^) i^ Lav(v2, (f^) = {1,2} in the following arguments. 
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l{Lav(viV2,(p^)r\Lav(u2V3,(p^) ^ 0, then color V1V2 and M2V3 with//(viV2) = niujVs) e Lav(viV2,(p^)C\ 
Lav(u2V3, (f^). Since Lav(v2V3,(p^) + Lav{v2, if^), we can color V2 and V2V3 with yu(v2) e Lay{v2, ^^) \ 
{yu(viV2)} and//(M2V3) e ^av(M2V3,^^)\{//(M2V3)} SO thatyu(v2) ^ iJ.{u2V'i). Wc then color MiVi, M1V2 and 

M2V2 with//(MiVi) e Lav("lVl,^^)\{MVlV2)},M"lV2) e ^av("lV2,^^)\{M"lVl),MVlV2),MV2),MV2V3)} 

andju(M2V2) e Lav(M2V2,^^) \ {//(M2V3),//(v2V3),/i(v2),/i(MiV2)}, respectively. Since ui,U2 and M3 are 
2- vertices, they are easily colored at the last stage. Therefore, we have an L-total coloring jx of G. 
In what follows, we assume that Lav{v\V2, (f^) n Lav{u2V3,(p^) = 0. 
Case r . Laviv2V3,(p^) = {1,3} 

If 1 e Lav(uiVi,(p^) and Lav(viV2,(p^) + {1,2}, then color u\V\ and V2V3 with 1, and color 

V2,ViV2,M2V3,M2V2 and M1V2 with 2, yUi(ViV2) e Lav(VlV2,i^^) \ {1,2}, yUi(M2V3) € Lav(M2V3, v') \ {1}, 
fil{U2V2) eL^v(M2V2,^^)\{l,2,yUi(ViV2),//i(M2V3)}and//i(MiV2) 6 L«^,(MiV2, ^^)\{1, 2,//i(ViV2),yUi(M2V2)}, 

respectively. If 1 e Lav{uiVi,(p^) and Lav(viV2, ^^) = {1,2}, then color uiVi and V2 with 1, and color 

V2V3,ViV2,M2V3,M2V2 and U1V2 with 3, 2, //i(M2V3) 6 Lav(M2V3,^0 \ {3}, //i(M2V2) 6 Lav(M2V2,^^) \ 

{1,2, 3,yUi(a2V3)} and jUi(uiV2) e Lav(MiV2,^^) \ {1,2, 3,yUi(a2V2)}, respectively. In each case, we 
can extend //i to the 2- vertices ui,U2 and U3 and get an L-total coloring of G. Therefore, 1 ^ 
Lav(uiVi,(p^). Similarly, 2, 3 ^ Lav(uiVi,(p^). We assume, withoutloss of generality, that Lav(MiVi,^^) = 
{4,5} 

If 4 ^ Lav(uiV2,(p^), then color uiVi and V1V2 with 4 and /i2(viV2) e Lav(viV2,^^) \ {4}. If 

fl2(ViV2) + 2, then color V2,V2V3,M2V3,M2V2 and M1V2 with 2, /i2(V2V3) e {1,3} \{/i2(VlV2)},/i2("2V3) 6 
^av("2V3,^^) \ {//2(V2V3)}, //2("2V2) G Lav("2V2, ^^) \ {2,yU2(ViV2),//2(V2V3),//2("2V3)} and yU2("lV2) £ 

^av(wiV2,V'^) \ {2,//2(viV2),yU2(v2V3),yU2(M2V2)}. If//2(viV2) = 2, then color V2, V2V3, M2V3, M2V2 and 
M1V2 with 1, 3, fi2iu2V3) e La„iu2V3,<P^) \ {3}, id2iu2V2) £ Lav(M2V2, ^^) \ {1, 2, 3,//2(w2V3)} and 
IX2{u\V2) e Lav(MiV2,^^) \ { 1, 2, 3,/i2(M2V2)}. In each case, we can extend 1x2 to the 2-vertices 
U\,U2 and U3 and get an L-total coloring of G. Therefore, 4 e Lav(MiV2,^^). Similarly, we 
have 1,2,3,5 e L^v("iV2,^^), that is, Lav{uiV2,ip^) = {1,2,3,4,5}. By similar arguments as 
above, we can also prove that Lav{u2V2,ip^) = {1,2,3,4,5}, Lav{v\V2,^^) Q {1,2,3,4,5} and 

^av(M2V3,<^')C {1,2,3,4,5}. 

If 1 e Lav(viV2,^0, then colorviV2,V2,V2V3,MiVi,MiV2 and M2V2 with 1,2, 3,4,5 and4. If Lav(M2V3,^^) i^ 
{3,4}, then color M2V3 with a color in Lav(M2V3,^^) \ {3,4}. If Lav(M2V3,^^) = {3,4}, then recolor 
MiVi, M1V2 and M2V2 with 5,4 and 5, and color M2V3 with 4. In each case, we can extend the current 
coloring to the 2-vertices Ui,U2 and U3 and get an L-total coloring of G. By similar arguments as 
above, we can complete the proof of this lemma if 2 e L^vCvi V2, v'^) or 3 e Lav(vi V2, ^^). Therefore, 
we assume that Lav{v\V2, (f^) = {4, 5}. In this case, we color V1V2, V2, V2V3, WiVi, M1V2 and M2V2 with 
4,1,3,5,2 and 5. Since Lav(viV2,(p^) n Lav(u2V3, (f^) = %, 5 i Lav(u2V3,(p^). Hence, we color M2V3 
with a color from Lav(u2V3, (f^) \ {3} and then extend the coloring at this stage to Mi, M2 and U3 to 
obtain an L-total coloring of G. 
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Case 2' . Lav(v2V3,(p^) = {3,4}. 

By similar arguments as in the first part of Case 1', one can prove that Lav(uiVi,(p^)r\{l, 2, 3, 4} = 
0, so we assume that Lav(wiVi,^^) = {5,6}. Since |Lav(wiV2,^^)| = 5, {l,2,3,4,5,6}\Lav(wiV2,^^) i^ 
0. Without loss of generality, assume that 1 ^ Lav(uiV2, (f^) and color V2 with 1. If Lav(viV2, (f^) = 
{1,3}, then color V2V3, viV2,miVi,M2V3,M2V2 and U1V2 with 4, 3, 5, yU3(w2V3) e Lav(u2V3,(p^) \ {4}, 

MU2V2) e Lav{U2V2,(p^) \ {1,3,4,//3(M2V3)} and //3(MiV2) e Lay{UiV2, (f^) \ {3,4,5,//3(M2V2)}. If 
Lav(VlV2,(p^) ^ {l,3},thenCOlorV2V3,ViV2,MlVi,M2V3,M2V2andMiV2 with3,yU3(ViV2) e Lav(VlV2,(p^)\ 

{1,3}, 5, yU3(M2V3) £ L^vC^aVs, ^^) \ {3}, yU3("2V2) £ L^v("2V2,^^) \ { 1, 3,yU3(viV2),//3(M2V3)} and 
/^3(wiV2) e Lav(MiV2,^^) \ {3,5,//3(viV2),//3(m2V2)}. In each case, we can extend the partial col- 
oring //3 to the 2-vertices Mi, U2 and M3 and get an L-total coloring of G. n 

Lemma 7. Suppose that G contains a cycle M1M2M3M4 with U2U4 e E(G) and d(u2) = diu^) = 3 and 
that G' = G - {u2, U4} has an L' -total coloring (p' so that L'(x) = L{x)for each x e VE{G'), where 
L is a list assignment ofG. If 

\Lav(U2U4, (p')\ > 6, 

mm{\Lav(U2, (P% \Lav(U4, (p')\} > 4, 

mm{\LaviUiU2, (p')\, \LaviU2U3, (p')\, \Lav(U3U4, (p')\, \Lav{UlU4, ^')l} > 2 

and 

Lav(UiU2,(p') i^ LaviU2U3,ip') when \Lav(UiU2,(p')\ = \Lav(U2U3,(p')\ = 2 

then (fi' can be extended to an L-total coloring tpofG without altering the colors in G'. 

Proof. Without loss of generality, we assume that \Lav{u2U4, ^')l = 6, \Lav{u2, ^')\ = \Lav(u4, (p')\ = 4 
and \Lav(uiU2,(p')\ = \Lav(u2U3, (p')\ = \Lav(u3U4, (p')\ = \Lav(uiU4, (p')\ = 2 (othcrwisc we can shorten 
some lists that assigned to the elements of VE{G) so that those conditions are satisfied), and then 
split the proofs into the following two cases. 

Case 1 . Lav{uiU2,(p') = {1,2} and Lav{u2U3,(p') = {3,4}. 

If Lav(uiU4, (f') = {1,2}, then colorMiM2 andMiM4 with 1 and 2, M3M4 with ^"(^3^4) e Laviu3U4,(p')\ 
{2} and U2U3 with (p"{u2U3) e {3,4} \ {^"(m3M4)}. Denote the extended partial coloring by (p". 
One can see that |L^v("2, <p")\, \Lav(u4, <p")\, \Lav(u2U4, (p")\ > 2. If L^v("2, <p") = ^av("4, ^") = 
Lav{u2U4,(p"), then recolor u\U2 and U1U4 with 2 and 1 when ip'Xu^u^) ^ 1, or recolor U2U3 with 
the color in {3,4} \ {^"(m2M3)} when ip'^u^u^) = 1. We still the denote current coloring by (f" but 
now we do not have Lav(u2, (f") = Lav(u4, (f") = Lav(u2U4, (f"). Therefore, we can easily extend cp" 
to an L-total coloring ^ of G by coloring U2, U4 and ^2^4 properly. 

If Lav(U[U4,(p') n Lav(u2U3,(p') + 0, then color U2U3 and u\U4 with ^"("2^3) = ^"(wiW4) 6 

Eav{U\U4,ip') n Lav(U2U3,(p'), U1U2 with ip"{UiU2) £ LaviUiU2,(p') \ {^"(M2"3)}, "3^4 with if" {U3U4) 6 

Lav{u3U4, (f') \ {(p"{u2U3)} and denote the extended coloring by (p". One can see that \Lav{u2, (p")\, 
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\Laviu4, (p")\ > 2 and \Laviu2U4, (p")\ > 3. Therefore, (p" can be easily extended to an L-total coloring 
^ of G by coloring U1U2, U2, U2U4 and M4 properly. 

If Lav(uiU4,(p') n Laviu2U3,(p') = and LaviuiU4, (f') i^ {1,2}, then color U[U4 with (p"(u[U4) e 
L{uiU4, (f') \ {1, 2}, M3M4 with (p"{uj,U4) e L{ui,U4, tp') \ [(p"{uiU4)}, U2U3 with ^"("2^3) s L(u2U3, (f') \ 
{(p"(u3U4)} and denote the extended coloring by (p". One can see that \Lav(uiU2, (p")\, \Lav(u4, (p")\ > 
2 and \Lav{u2, (p")\, \Lav(u2U4, (p")\ > 3. Therefore, (p" can be easily extended to an L-total coloring 
^ of G by coloring U1U2, U2, U2U4 and U4 properly. 

Case 2 . Lav(uiU2,(p') = {1,2} and Lav(u2U3,(p') = {1,3}. 

By similar arguments as in the second part of Case 1, one can show that Lav(uiU4, cp') n 

LaMim, ^') = and Lav(UiU2, (p') n Lav("3"4, (f') = 0- 

If 2 e Lav(MiM4,^'), then we assume that Lav(MiM4,^') = {2,4}. If Lav(u3U4,ip') i^ {3,4}, then 
color M2M3 and U1U4 with 3 and 4, U3U4 with ^"(^3^4) e Lav{ui,U4, (p') \ {3, 4} and denote the extended 
coloring by (p. One can see that \Laviu1U2, (p'% \Lav(u4, (p")\ > 2 and \Lav{u2, (p")\, \Lav{u2U4, ip")\ > 
3. Therefore, (p" can be easily extended to an L-total coloring ^ of G by coloring u\U2, U2, U2U4 and 
U4 properly. If Lav(u3U4, ip') = {3, 4}, then we first color U1U2, M2M3, M3M4 and U1U4 with 1,3,4 and 2, 
and denote the extended coloring by ip" . It is easy to see that \Laviu2, ip")\, \Lav(u4, (p")\, \Lav{u2U4, <p")\ > 

2. If the three sets Lav(u2, <p"), Lav(u4, ip"), Lav(u2U4, ip") are not the same or Lav(u2, ip") = Lav(u4, ip") = 
Lav{u2U4,ip") and \Lav{u2, ip")\ > 3, then ip" can be easily extended to an L-total coloring ip of 
G. If Lav(u2, ip") = Lav(u4, ip") = Lav(u2U4, ip") = {5, 6}, then we revise the coloring ip" by re- 
coloring uiU2,U2Ui„U3U4 and U4U1 by 2, 1, 3 and 4. After that, we have Lav(u2,ip") = {3,5,6}, 
Lav(u4, ip") = {2, 5, 6} and Lav(u2U4, ip") = {5, 6}, so we extend ip" to an L-total coloring of G by 
coloring U2, U4 and U2U4 with 3, 2 and 5. 

If 2 ^ Lav{uiU4,ip'), then we assume that Lav{u\_U4,ip') = {4,5}. We now color U2U3 with 

3, U3U4 with ip"(U3U4) e Lav{U3U4, ip") \ {3}, M1M4 with ip"{UiU4) e Lav{UiU4,ip") \ {^"(^3^4)} 

and denote the extended coloring by ip" . It is easy see that \Lav{uiU2,ip")\, \Lav{u4,ip")\ > 2 and 
\^aviu2, ^")L \l-av{u2U4, ip")\ > 3. Therefore, ip" can be easily extended to an L-total coloring ^ of G 
by coloring U1U2, U2, U2U4 and U4 properly. n 

Lemma 8. Suppose that G contains a cycle U1U2U3U4 so that U2U4 e E(G), d{u2) = d{u4) = 3 and 
U3 is adjacent to a vertex v. Let ip' be a partial L-total coloring ofG so that the uncolored elements 
under ip' are U1U2, U2U3, U3U4, U1U4, U2U4, U3V, U2, U3, U4 and v, where L is a list assignment ofG. If 

\Laviu2U4, ip')\ > 6, 

mm{\Lav(U2,ip')\,\Lav(U4,ip')\} > 5, 

mm{\Lav(U2U3,ip')\,\Lav(U3U4,ip')\} > 4 

mm{\Lav(UiU2, ip')\, \Lav{UiU4, ip')\, \Lay{U3V, ip')\, \Lav{U3, ip')\, \Lay(v, ip')\} > 2 
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and 

at least two of Laviu^v, (p'), Lav(u^, (f'), Lay(v, if') are distinct when 

\Lav{mv,ip')\ = \Lavim,ip')\ = \La,,(y,(p')\ = 2, 

then (f' can be extended to an L-total coloring (fofG without altering the assigned colors. 

Proof. Without loss of generality, we assume that \Lav(u2U4, tp')\ = 6, \Lay(u2, ip')\ = \Layiu4, (p')\ = 

5, \Lav(U2Ui,(p')\ = \Lay(U3U4,(p')\ = 4 and\Lav(UiU2,(p')\ = \Lay(UiU4,(p')\ = \LayiU3V, (p')\ = \Lay(U3,(p')\ = 

\LUv,(p')\ = 2. 

lfLav(ui,v, (f') = Lavius, (fi') = {1,2}, then we color ui, and ui,v with 1 and 2, and then color v with 
a color from L^vCv, <p') that is different with 1 and 2. Denote the current partial coloring still by (p'. 

WethenhaWe\Lav(U2U4,tp')\ = 6,\Lav(UiU2,tp')\ = \Lav(UlU4, (p')\ = 2, \Lay{U2,(p')\,\Lav(U4,(p')\ > 4 

and \Lav{u2U3,ip')\,\Lav(u3U4,(p')\ > 2. Without loss of generality, assume that \Lav(u2, (p')\ = 
\Lav(u4, (p')\ = 4 and \Lav(u2Us,(p')\ = \Lav(u3U4, (p')\ = 2. Since every 4-cycle is 2-choosable, 
we color each edge of the cycle U1U2U3U4 from its available list and denote the coloring at this 
stage by if". It is easy to see that \Lav(u2, (p")\, \Lav(u4, (p")\, \Lav(u2U4, (p")\ > 2. If at least two of 
Lav(u2, (f"), Lav{u4, if") and Lav{u2U4, (f") are distinct or max{\Laviu2, (p")\, |L^v(w4, ^")\, \Lav{u2U4, ip")\] > 
3, then ip" can be easily extended to an L-total coloring of G. If Lav{u2, ^") = Lav(u4, cp") = 
Lav{u2U4,ip") = 2, then exchange the colors on M3 and uj,v and denote this coloring by ip'" . This 
operation does not disturb the propemess of the colors on the edges of the cycle U1U2U3U4, but 
implies that at least two of Lav{u2, tp'"), Lav(u4, ip'") and Lav(u2U4, tp'") are distinct if \Lav(u2, (p"')\ = 
\Lav(u4, (p"')\ = \Lav(u2U4, (p"')\ = 2. Therefore, ip'" can be extended to an L-total coloring ip of G. 

If Lav(u3V,(p') = {1,2} and Lav(u3,(p') = {1,3}, then there are two ways to color U3 and M3V so 
that V can be colored from its available list so that the color assigned to v is different with the colors 
assigned to M3 and U3V. Without loss of generality, assume the above two ways of coloring are as 
follows: color U3 and U3V with 1 and 3, or with 2 and 1. We now color U3 and U3V with 1 and 3, 
and then color v properly. Denote the current coloring by (p". Suppose that Lav{u\U2, (p') = {a, b}. 
If Lav(u2U3,ip') + {l,3,a, Z?} or {a,b\ n {1,3} + 0, then Lav(uiU2, (p") i" Lav(u2U3,ip"), therefore, 
by Lemma |71 (p" can be extended to an L-total coloring of G. If Lav{u2U3,ip') = [1,3, a, b) and 
{a,b}C\{\,3} = 0, then recolor V3 and v by 2 and 1, and recolor v properly. Denote this coloring by 
ip'" . We then have Lav(u2U3, ip'") = {3, a, b) \ {2} ^ {a, b} = Lav{uiU2, ip'"), so by Lemma|71 ip'" can 
be extended to an L-total coloring of G. 

If Lav{u3V,ip') = {1,2} and Lav{u3,ip') = {3,4}, then there are two ways to color U3 and U3V 
so that V can be colored from its available list so that the color assigned to v is different with the 
colors assigned to U3 and U3V. Therefore, we can do similar arguments as above to complete the 
proof. D 
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Lemma 9. Suppose that G contains a cycle U[U2Uj,U4 so that uiUj,,U2Ua e E{G) and d{u2) = 
diu^) = 3. Let ifi' be a partial L-total coloring ofG so that the uncolored elements under ip' are 
U1U2, U2U3, U3U4, U1U4, U2U4, U1U3, ui,U2, ut, and U4, where L is a list assignment ofG. If 

mm{\Lav{U2,ip')\,\Lay{U4,ip')\,\Lav{U2U4,ip')\} > 6, 

mm{\Lav{UiU2, ip')\, |L„^(M2"3, ^')l \Lav(U3U4, (p')\, \Lay{UiU4, (p')\} > 4 
mm{\Lay(Ui,(p')\,\La,,iU3,(p%\Lay(UiU3,(p')\} > 2 

and 

at least two of Lav(.Ui,(p'), Laviu^, (p'), LaviuiUj, if') are distinct when 

\Lav{Ui,(p')\ = \Lay{u-i,(p')\ = \LaviUiU3,(p')\ = 2, 

then (f' can be extended to an L-total coloring (fofG without altering the assigned colors. 
Proof. Without loss of generality, we assume that \Lav(u2, (p')\ = \Lay(u4, (p')\ = |L„v(m2"4, ^')\ = 6, 

\Lav{UiU2,(p')\ = \Lav(U2U3,(p')\ = \Lav(U3U4,(p')\ = \La,.(UiU4,(p')\ = 4 and\Lav(Uu(p')\ = \Lay(U3,(p')\ = 
\Lay{UiU3,(p')\ =2. 

If Lav(uiU3,(p') = Laviu3,(p') = {1,2}, then color U3 and U1U3 with 1 and 2, ui with (p"(ui) 6 
Lav(ui,(p') \ {1,2} i^ and denote the current coloring by (p". Without loss of generality, as- 
sume that ip"{u\) = 3. It is easy to see that \Laviu2U4, (p")\ = 6, \Lav{u2,(p")\,\Laviu4,(p")\ > 4 

md\Lav(UiU2,(p")\,\Lav{U2U3,(p")\,\Lav(U3U4,(p")\,\Lav(UlU4,(p")\ > 2. If {1,2} ^ Lav(U2U3,(fi'), OT 

{2,3} eg LaAuiU2,tp'), orLa„(u2U3,ip') \ {1,2} i^ Lav(uiU2,(p') \ {2,3}, then by Lemma|7l ip" can be 
extended to an L-total coloring of G. If Lay(uiU2,(p') = {2,3,a,b}, Lav{u2U3,(p') = {1,2, a, ^} and 
{a,b} n {1,2,3} i^ 0, then exchange the colors on M3 and U1U3, and denote this coloring by (p'". 
Since \Lav(u2U4, (p"')\ = 6, |L„„(m2,^"')I, |L«,("4, ^"')I > 4, \Lav(uiU2,(p"')\ > 3 and \Lay(u3U4, ip"% 
\Lav{uiU4, ip"')\, \Lav(u2U3,(p"')\ > 2, by LemmajTl ip'" can be extended to an L-total coloring (p of 
G. 

If Lav(uiU3,(p') = {1,3} and Lav(u3,ip') = {1,2}, then we shall assume that Lav(ui,(p') + {1,3} 
(otherwise we come back to the above case). If L„v(mi , ^') \ { 1 , 2, 3} ^ 0, then color u\ with a color 
in Lav(ui, (p') \ {1,2, 3}, say 4, and color U3 and U1U3 with 1 and 3. Denote the current coloring by 

(p". If {1, 3} ^ Lav(U2U3,(p'), or {3, 4} ^ La,.{UiU2, (p'), or Lav(U2U3, (p')\{l,3}i^ Lay(UiU2, ip') \ {3, 4}, 

then by Lemma |7] and similar arguments as before, (p" can be extended to an L-total coloring of 
G. If Lav(uiU2,(p') = {3A,a,b}, Lav{u2U3,(p') = [\,3,a,b} and {a,b} n {1,3,4} i^ 0, then recolor 
U3 with 2 and denote the current coloring by cp'" . By Lemma |7] and similar arguments as before, 
one can prove that ip'" can be extended to an L-total coloring of G. If L,„,(mi, 1^') = {1,2}, then 
color M3, M1M3 and U\ with 1,3 and 2. Denote this partial coloring of G by ip" . By similar arguments 
as above, one can prove that either ip" can be extended to an L-total coloring of G by Lemma |7l 
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or we can construct a new partial coloring ip'" by exchanging the colors on u\ and u^ that can be 
extended to an L-total coloring of G by Lemma|7l If Lav{ui,ip') = {2, 3}, then color u^, uiUi, and Ui 
with 1,3 and 2 and denote this partial coloring of G by cp". One can also prove that either cp" can be 
extended to an L-total coloring of G by Lemma |71 or we can construct a new partial coloring (p'" 
that can be extended to an L-total coloring of G by Lemma |7] via recoloring U3,uiU3 and ui with 
2,1 and 3. 

lfLav(uiU3,(p') = {3,4}andLav(M3,^') = {1,2}, then we shall assume that LQy(Mi,^')i^{3, 4} = 0. 
(otherwise we come back to the above case). We now color wj with (p"{ui) e Laviui,(p'), UiUi, 
with (p"{uiU3) e Lav{uiU3,(p') \ {(p"(ui)], and M3 with (p"(u3) € Lav{u3,(p') \ {(p"{ui)}. Denote this 
coloring by (p". By Lemma |7] and similar arguments as before, (p" can be extended to an L- 
total coloring of G if {(p"(uiU3),ip"(u3)} ^ Lav(u2U3,(p'), or {ip"(uiU3),(p"(ui)} ^ L„„(aiM2,^'), or 
Lav(u2U3,ip') \ {ip"(uiU3),ip"(u3)} + Lay(uiU2, (p') \ {^"(^1^3), (^"("i)}- Therefore, we assume that 
Lav(u2U3,(p') = {(p"{uiU3),(p"{u3),a,b} and Lav(uiU2,(p') = [ip"{uiU3),ip"{ui),a,b}, where {a,b} n 
{ip"{u\U3),ip"{ui),ip"{u3)] = 0. lf(p"{ui) i {1,2}, then we can construct anew partial coloring ip'" 
that can be extended to an L-total coloring of G by Lemma |7] via recoloring U3 with a color form 
Lav(u3,(p') \ {^"("3)}- Thus, we assume, without loss of generality, that ip"{u\) = 1, tp"(u3) = 2 
and (p"{u\_U3) = 3. If Lav{u\,ip') + {1, 2}, then recolor u\ with a color from Lav(ui, tp') \ {1,2, 3, 4}, 
which is a non-empty set since Laviui,(p') Pi {3,4} = 0. If Lav(ui,(p') = {1,2}, then exchange the 
colors on ui and U3. In each case, the resulted coloring can be extended to an L-total coloring of G 
by Lemma |7] D 

We are now ready to give a proof of Theorem |5] 

Proof of Theorem^ Suppose that G is a counterexample to this theorem with the smallest value 
of |y(G)| -I- \E(G)\. It is easy to see that 6{G) > 2 and every 2-vertex in G is adjacent only to 
A(G)- vertices, so by Theorem |3] G contains one of the configurations among (b)-(g). 

If G contains (Z?), then G' = G-{mi,M25"3.V2,V3} has an L'-total coloring^' sothatL'(;c) = L(x) 
for each x e VE{G'). One can see that \Lav(viV2, ip')\, |La,.(viV3, ^')l, l^«v(v2V4, (p')l \Lav(v3V4, (p')\ > 
3. If Lav(viV3, tp')nLav{v2V4, ip') + 0, then color V1V3 and V2V4 with a same color from Lav{y\V3, (p') Pi 
Laviv2V4, ip'). If Lav(viV3,(p') Pi Lav(v2V4, ip') = 0, then wc Can extend (p' to another partial coloring 
ip" of G by coloring V1V3 and V2V4 with (p"(viV3) e Lav{viV3,cp') and (p"(v2V4) e Lav{v2V4, tp') so that 
\Lav(viV2, ip') \ {^"(viV3), ^"(v2V4)}| > 2 and |Lav(v3V4, ip') \ {^"(viV3), ^"(V2V4)}| > 2. In either case, 
we can extend ip' to another partial coloring ip" of G by coloring V1V3 and V2V4 from their available 
lists, and moreover, ip" satisfy 

\Lav{U\Vx, ip")\, \LaviU3V4, ip")\, |L„v(VlV2, ip")\, |L„v(V3V4, ip")\ > 2, 
\Lav(V2, ip")\, \Lav{V3, ip')\ > 3, 
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\Lav{V2V^,ip")\>A, 

and 

\Lav{UiV2, ip")\, \Lav(U2V2, (p")\, \Lav(U2V3, (p")\, |L^v(W3V3, (p")\ > 5. 

Therefore, by Lemma |6l (p" can be extended to an L-total coloring (p of G without altering the 
assigned colors. 

If G contains (c), then G' = G - {^2,^4} has an L' -total coloring (p' so that L'{x) = L{x) for 
each X e VE{G'). Since there are at least two available colors for each edge of the cycle U1U2USU4 
and every 4-cycle is 2-edge-choosable, we can color U1U2, "2^3, M3M4 and U4U1 from their available 
lists so that the extended coloring is proper. At last, we color U2 and M4 from their available lists 
to obtain an L-total coloring ip of G. This can be easily done since M2 or M4 is incident with four 
colored elements right row. 

If G contains (d), then G' = G - {u2, M4} has an L'-total coloring (p' so that L'(x) = L(x) 
for each x e VE(G'). One can check that \Lav{u2U4,ip')\ > 6, \Lav{UiU2,^p')\,\Lav{u\U4,ip')\ > 2, 
\Lmiu2U3, (p')\, \Lavimu4, (p')\ > 3 and \Lav{u2, ^')L l^ay("4, v')\ > 4. By Lemma|7l (p' can be extended 
to an L-total coloring (pofG without altering the colors in G'. 

If G contains (e), then G' = G - {u2, U4, ui,v} has an L'-total coloring (p' so that L'(x) = L(x) for 
each X e VE{G'). We now erase the color on v and still denote the current coloring by ip'. It is easy 

to check that |L«v("2"4,^')l > 6, \Lav(UiU2,(p%\Lav(UiU4,(p')\ > 2, \Lav(U2U3,(p%\Lav{U3U4,(p')\ > 

3, \Lay(u2,(p')\,\Lav(u4,(p')\ > 4, |L„,,(m3V, ^')l > 2 and \Lav{v,tp')\ > 3. We now color ui,v with 
(p"{ui,v) 6 Laviusv, (p') and v with ip"(v) e Lav{v, tp') \ {(p"{u^v)\ so that the extended partial coloring 
ip" satisfies 

(1) \Lav{U2U4, (p")\ > 6, \Lav{U2, (p")\, |L„,,(M4, <P")\ > 4, \Lav(UiU2, (p")\, \Lav{U2m, ip")\, \Lav{u^U4, ip" , 
\Lav{UiU4,ip")\ > 2 

(2) Lav{UlU2,ip") 4^ Lav{U2m,ip") ii\Lav{UlU2,ip")\ = \Lav{U2m,ip")\ = 2. 

This can be done since \Lav{ui,v, ip')\ > 2. Therefore, (p' can be extended to an L-total coloring (p of 
G without altering the colors in G' by Lemma |71 

If G contains (/), then G' = G - {u2,U4\ has an L'-total coloring cp' so that L'{x) = L{x) for 
each X e VE{G'). We now erase the colors on M3, ui,v and v and denote the current coloring by ip". 
It is easy to see that 

\Lav(U2U4,(p")\ > 6, 

\Lav{U2, (p")\, \Lav{U4, (p")\ > 5, 

\Lav{U2U^, ip")\, \Lay{Ui,U4, ip")\ > 4, 

and 

\Lav(UiU2, ip")\, \Lay(UiU4, (p")\, \La,.(UsV, (p")\, \Lay(Us, (p")\, |L„^(v, (p")\ > 2 
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Since ^p" is a partial coloring of ip' , at least two of Laviusv, (p"), Laviu3,(p"), Laviy, ip") are distinct if 
\Lav{ui,v, ip")\ = \Lav(ui,, (p")\ = \Lav(v, (p")\ = 2. Therefore, by Lemma |8l ip" can be extended to an 
L-total coloring ^ of G without altering the colors in G'. 

If G contains (g), then G' = G - {u2, u^] has an L' -total coloring ip' so that L'{x) = L{x) for 
each X 6 VE{G'). We now erase the colors on wi, M3 and M1M3 and denote the current coloring by 
ip" . One can see that 

\Lav{U2, ip")\, \Lav{UA, ^")\, \Lay(U2U4, (p")\ > 6, 
\Lav(UiU2, (p")\, \LaAU2U3, (p")\, |L„„(M3"4, V")\, \LaviUyU4, ip")\ > 4, 

and 

|L„,(mi, </)")!, \La,iu,,ip")\, \LUuiU,, p")\ > 2. 

Since tp" is a partial coloring of cp', at least two of Lav(uiUi„ cp"), Lav(ui, cp"), Laviuj, tp") axe dis- 
tinct if \Lav(ui,(p")\ = \Lay(ui„ ip")\ = \Lav{uiUi„ tp")\ = 2. Therefore, (/?" cau bc cxtcndcd to au 
L-total coloring ^ of G without altering the colors in G' by Lemma |9l D 
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